NUMERICAL STABILITY AND SMOOTHING J

P. Bénard*

*Météo-France
CNRM/GMAP

13 June 2006 - St-Petersburg

& =
P. Bénard (CNRM/GMAP) Numerical Stability and smoothing Jun 2006 - SSS06 1/37



INTRODUCTION

Stability of a (non-discretized)

physical system

i

@ ability to maintain a "slow” evolution ‘

@ ability to follow a deterministic evolution
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INTRODUCTION

Stability of a discretized (physical) system

<> Stability of the discretization :

@ ability to mathematically describe the physical evolution without
unbounded divergence of the discretized solution.

Stability of a discretized dynamical system depends on :
@ The type of dynamical system itself

@ The type of space discretzation

@ The type of time discretization
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@ Fast processes

© Stability of General Linear Systems

© S.I. for general non-Linear Systems

© S stability for General non-Linear Systems

© Alternative schemes for EE non-Linear Systems
@ Stability of ICI scheme for non-Linear Systems
@ Future of ICl scheme for non-Linear Systems
© Smoothing

© Conclusions
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Fast processes

@ Coupled fluid-mechanics systems = waves
@ Slow waves (e.g. baroclinic waves) in/from the flow

@ Fast waves (e.g. gravity waves) much faster than the flow,
independent of it

Fast waves are the fastest processes in meteorological systems
(Mach number much smaller than 1 in meteorology)
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Fast waves

o Shallow-water — external waves

@ Hydrostatic systems — external and gravity waves

@ Euler systems — external, gravity and elastic waves
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Fast waves

o Shallow-water — external waves

@ Hydrostatic systems — external and gravity waves

@ Euler systems — external, gravity and elastic waves

Main problem for stability is the presence of fast waves
mainly because they lead to very high-frequency processes
(we will see why more in details afterwards)

Fast waves create most stringent limitations on stability
for simple time-discretizations (e.g. leap-frog explicit).
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Fast waves

FOR METEOROLOGISTS, FAST WAVES ARE BORING!!
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© Stability of General Linear Systems
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Simplest example of fast wave in Fluid Dyamics :
linear 1D shallow-water gravity wave

Linear 1D shallow-water system along x )
ou _ _9¢
ot Ox
9 _ _5ou
ot Oox
=
0’u - d%u —
72 = ¢ 9 then  — w?ug = —pk?ug etc.
(eigenmodes of the 1D Laplacian operator along x)
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General linear system

For a general (continuous) linear system :

0X
L r*X
ot &

where £* is a linear space operator.

Elementary Eigenmodes may be written (ignoring BCs) :
Xic = X exp i(k.r + wct)

where w. € R is the continuous frequency. Hence :

ai)(
ot

= jweX
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General linear system

Explicit time-discretization (e.g. Leap-frog) :
X 0X o X(t+At) - X(t — At)

LHS at t:

o) = 5 () 20t

The RHS part at t is time-discretized in explicit way : £*X(t)

The geometry of elementary eigenmodes is the same (ignoring BCs) : Xi
For the same eigenmode X, new frequency wg, and :

X isin(wgAt) ) arcsin(wcAt)
—(t) = L"X(t ————— Xk = iweX =— =
5 (D) = £7X(0) 20t k= 1wefk = WE At
wg must be real (otherwise unstable) = At < |1/w(]
— Very severe constraint if 3 fast waves (because w, is large) ]
& = =
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General linear system

Semi-implicit (SI) time-discretization (e.g. Leap-frog) :

X X(t+ At) — X(t — At)
LHS at ¢t :
2 ( )= 5= 2Nt
RHS part : time-discretized in SI L.F. way : £*X(t) — X(HAt);X(t_At)
The geometry of elementary eigenmodes is the same (ignoring BCs) : Xi
For the same eigenmode Xi, new frequency wgy, and :

X j Si A
%(t)zﬁ*x(t) _ isin(wsiAt)

k = Iwecos(wgAt) Xk =
2At e cos(wsiAt)
arctan(wcAt)
Y B —
At )
— wgy always real = Sl unconditionally stable (for linear system) J
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@ Fast processes

© Stability of General Linear Systems

© S.I. for general non-Linear Systems

© S stability for General non-Linear Systems

© Alternative schemes for EE non-Linear Systems
@ Stability of ICI scheme for non-Linear Systems
@ Future of ICl scheme for non-Linear Systems
© Smoothing
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S.1. for general non-linear system

Case of a non-linear system (as in reality !)

In case of a non-linear system N/, the continuous system writes :

oX
E_NX

Then, the above scheme cannot be applied "directly”, that is, using :

X(t+At) - X(t - At)  NX(t+ At) + NX(t — At)
2At B 2
because this would need the impossible inversion of a non-linear equation.

A practical compromise was then proposed, and still widely used in NWP :
treat implicitly only a part of the system N .
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S.1. for general non-linear system

Practical compromise :

@ From all the source terms of N X, extract a "clever” subset £*X
which contains only linear terms;

@ Treat the linear terms £*X in the SI way;

@ Treat the non-linear residuals (N — £*).X in the explicit way ;

Consequently, the original system :
oX
— =NX

ot

is then discretized as :

X(t+ At) — X(t — At) X(t+ At) + X(t — At)

2At

= (N — £*).X(¢) + £*

Only a linear system needs to be inverted.
. ot

P. Bénard (CNRM/GMAP) Numerical Stability and smoothing Jun 2006 - SSS06 15 / 37



QOutline

@ S stability for General non-Linear Systems
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Sl stability for general non-linear system

The Sl scheme for non-linear systems, is then a mixture in which part of
the source terms are treated explicitly, and part of the source terms are
treated in centred-implicit way.

Not only we are unable, in general, to prove the unconditional stability for
this scheme in any condition, but the characteritics of the stability are
quite hard to predict for a given particular state.

The characteristics of the stability can be predicted only in the case where
N itself is a linear system L, thereby implying that only small
perturbations about a given state X can be analysed.

Hence, the scheme writes :

X(t+At) - X(t—At)  — X(t+ At) + X(t — At)
oAt =(L-LY)X()+ L >

P. Bénard (CNRM/GMAP) Numerical Stability and smoothing Jun 2006 - SSS06 17 / 37




Sl stability for general non-linear system

"Pure” analysis (by hand)

The prediction of stability can be performed easily through pure analysis
only if the eigenmodes of £ have the same geometry X as those of L*.
This kind of predictive analysis was first proposed by Simmons, Hoskins
and Burridge (1978, SHB78).

In practice the most widely examined case is the following :

X state : isothermal T, resting, hydrostatically balanced, stationary...
X* state : isothermal T%, resting, hydrostatically balanced, stationary...
L (resp.L*) system : linearized system around X (resp. T*).

Remember that T* # T (in fact the only difference between X* and X

The stability equation becomes purely algebraic for each X :

X(t+ At) — X(t — At)
2At

X(t+ At) + X(t — At)

= (£ — L).X(t) + L

-

L = =
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Sl stability for HPE non-linear system

results (isothermal states : T # Tx)
Hydrost. Leap-Frog : 0 < T < 2T*

2.T-L: 0 <T<T*
Euler Eq. Leap-Frog : T*/2 < T <2T*

2. T-L:~T*2 <T<T*
For HPEs :

| A\

A domain for unconditionnal stability is found for a range of T values.
P. Bénard (CNRM/GMAP)

This serves as a first justification for writing and using S| schemes for HPEs
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Sl stability for general non-linear system

"Matrical” analysis

Stability around more general stationary states can be examined, but in a
space-discretized context, through writing L and L* under the form of
matrices, and seeking the discrete frequencies of all discrete eigenmodes
(this includes BCs by nature, now).

This cannot be made by hand — needs numerical eigenmode solution

In practice :

Only vertical discretization (one Fourier mode along horizontal) State X :
non-isothermal T (z), resting, hydrostatically balanced, stationary, ...

L system : linearized system around X.

L* system : arbitrary linear system.

. -

Hence, the scheme writes :

X(t+ At) — X(t — At) (t+ At) + X(t — At)
2At 2
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Sl stability for HPE non-linear system

For HPEs :

- A domain for unconditionnal stability is found for a range of T profiles.
(for isothermal T* profiles).

- This serves as a second justification for using SI schemes for HPEs

- Non-isothermal T* profiles lead do more problematic stability

For HPEs :

A reasonable stability is easily obtained whatever strategy is used for
designing the HPEs model (explicit orographic terms, horizontally uniform
linear system,...).

This is due to weak non-linearity of HPE system in moderate resolution
meteorology.

The SI discretization was (is) widely used for HPE systems in NWP.
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General non-linear system

Euler Equations (EEs) :

Euler Equations are non-hydrostatic fully compressible set of equation,
valid at any scale.

-

For Euler Equations (EE) :

It is found through similar analyses that stability is much harder to obtain.
Bad strategy for the design of the EE model easily leads to unconditional
instability !

More worrying : "optimal” strategy for EE model does not allow
unconditional stability in presence of steep-slope, if the orographic terms
are treated explicitly.

A\

For EEs :

Simple Sl discretizations as described above must be abandonned, and
something else must be found.

-~
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© Alternative schemes for EE non-Linear Systems
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Alternative schemes for EE non-Linear Systems

Possible ways for alternative time-discretizations :

- treat orographic terms implicitly — (iterative) inverse-matrix solvers
(this path means non-uniform linear system £* = finite difference)

- Use a time-discretization allowing more implicitness — e.g. ICl scheme.

Iterative centred implicit (ICl) schemes

More implicitness in the treatment of the non-linear part is achieved
through an iteration of the model step

- First substep : e.g. normal Sl step.

- subsequent substeps (in 2TL with index (i)) :

XO(t 4+ At) — X(t) N.X(t) + N.XE(t + At)

At 2
X0+ At) — XU=D(t 4 At)
£ 2
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Alternative schemes for EE non-Linear Systems

Iterative centred implicit (ICl) scheme

XO(t 4+ At) — X(t) N.X(t) + N.XED(t + At)

At 2
() _ x(i-1) A
N E*X (t+ At) . (t+ At)

Acts as a fixed-point iterative algorithm towards the quite stable scheme :

[X(t+ At) — X(t)] /(At) = [N.X(t) + N X(t + At)] /2

@ Should be quite stable if convergent but,

@ We are not able to derive conditions for convergence

A\
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@ Stability of ICI scheme for non-Linear Systems
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@ The stability of ICl schemes can be derived exactly as for SI schemes

@ For "pure” analysis algebraic : equation for eignevalues more
complicated

@ For discrete matrical analysis : find eigenmodes/values of bigger
matrices

@ For reasonably stable SI, ICl scheme is convergent.

@ For same choice of linear system L* as Sl, ICl much more stable for
EE, even in presence of slope.

@ ICl scheme has interesting properies for 1(SI) 3, 5, ... iterations.
@ In practice, 3 iterations are OK
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@ Future of ICI scheme for non-Linear Systems
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@ ICl scheme is advocated in the community (Canadian, French) for
solving EE.

@ Technically simple, and conveniently stable for EE in NWP

@ It is found to work : e.g. allows At =~ 300 s at Ax = 2.5 km (without
physics!)

Ironically, all schemes for soving EE are iterative

o Sl (e.g. MC2, UM, ...) : direct time-scheme but iterative matrix
inverse solver

@ ICl (e.g. GEM, Aladin NH) : direct solver but iterative time-scheme

@ it seems hard to solve a EE system directly, as we were used before !

Future of ICl for EE

@ The ICI scheme seems an attractive solution for solving EE.
@ is used operationally at Canada, soon in Aladin-NH, AROME,...
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smoothing of SI and ICl schemes

smoothing impact of Sl and ICl schemes

We have seen that :

arctan(wcAt)

wsi, Icl = At

@ The effect of implicit schemes is to reduce the frequency of fast waves
@ Slow modes are not touched.

@ Fast modes with smallest (2Ax) scale cannot travel more than ~ Ax
in one time-step (i.e. wave CFL is decreased to 1 by implicit schemes).

@ Longer fast modes are slowed-down only if they would have a
wave-CFL > 1

@ Longer fast-modes with wave-CFL < 1 are almost untounched

(]

Very longe fast-modes with wave-CFL < 1 are untounched

A\
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time smoothing of SI and ICl schemes

Meteorological impact of fast-wave deceleration
front)

@ Maybe an impact for gravity-wave triggered convection (through gust

@ No impact at all for stationary (orographic) gravity waves (freq = 0)

P. Bénard (CNRM/GMAP)

Numerical Stability and smoothing

& =
Jun 2006 - SSS06

3237



time smoothing of S| decentering

What is S| decentering

@ An "awful” feature invented to artificially stabilize SI schemes

@ However, it makes S| scheme only first-order in time, and very "energy
consuming”

@ All the meteorological signal is artificially removed while propagating

Formulation of S| decentering :

X(t+ At) — X(t — At)
2At

= (N —=L")X(t)

(I+e)X(t+ At) + (1 — e)X(t — At)

+= L >
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time smoothing of S| decentering

Effect of S| decentering

@ Gives more weight to the implicit state in the RHS
@ Inherently damping

@ Has an impact on fast waves, stationnary fast waves, and any slow
modes

@ Significantly deteriorates evolution — should always be avoided
@ No decentering in Aladin-NH, AROME, ...
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Conclusions

@ S| with simple (horizontally uniform) associated linear systems were
OK for NWP in HPEs.

@ For NWP in EE, need of more robust schemes :

@ a) Sl with linearization around more realistic (3D) X* state
(large 3D iterative solver needed for matrix inversion)

@ b) ICI with still a simple (1D) X* state but all RHS treated more
implicitly  (iterative time-marching scheme needed)

@ Both proposals seems OK for NWP in EE at 1 km scale

@ Sl and ICI (centred) schemes are not damping, but slow-down short
fast waves such as wave-CFL < 1.

@ Sl decentering sometimes used to stabilize SI schemes, but very
damping ... not a very good idea!
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Conclusions

@ Stability analyses are important to better understand the mecanisms
of implicit schemes.

@ However for a complete model it is hard to anticipate a stable
behaviour

@ Must be "tried” and improved if problems after reasonable indication
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